We show that multiband superconductors with dominant spin singlet, intraband pairing of spin-1/2 electrons can undergo a transition to a state with Bogolibuov Fermi surfaces -surfaces of zero energy excitations that are topologically protected in the superconducting state -if spin-orbit coupling, interband pairing and time reversal symmetry breaking are also present. These latter effects may be quite small, but still drive the transition to the topological state if the nodal structure of the intraband pairing is appropriate. Such a state should display a nonzero zero-bias density of states and corresponding residual Sommerfeld coefficient as for a disordered nodal superconductor, but occurring even in the pure case. We present a model appropriate for iron-based superconductors where the topological transition associated with the creation of a Bogoliubov Fermi surface can be studied. The model gives results that strongly resemble experiments on FeSe1−xSx across the nematic transition, where this "ultranodal" behavior may already have been observed.
Introduction: The standard "s ± " paradigm for superconductivity in iron-based superconductors is based on the simple notion that repulsive interband interactions would force a sign change of the order parameter between hole and electron pockets, separated by a nearnesting wave vector at which the magnetic susceptibility is peaked 1,2 . This approach proved rather successful for the iron pnictide superconductors with doping near 6 electrons/Fe, but was questioned in the case of "endpoint" iron based systems where either electron or hole pockets disappear. The latter case includes several FeSe intercalates, including the FeSe/SrTiO 3 monolayer system which has the highest T c of the iron-based class. For these cases, where the standard s ± scenario evidently breaks down, a number of exotic alternatives for pairing have been proposed, some of which involve interorbital pair states. Normally such states are energetically disfavored, since they generically force interband pairing of states k and −k, which must occur off the Fermi level and therefore lose the Cooper logarithm that drives robust pairing. However recent works 3, 4 have shown that infinitesimal spin-orbit coupling can induce a Cooper log, such that novel interorbital pair states may be expected to occur in special circumstances. Spin-orbit coupling has been proposed to provide the principal source of hybridization between two electron pockets in FeSe monolayers and intercalates, interpolating between d-wave and so-called bonding-antibonding s ± states [5] [6] [7] .
At the same time, there has been an ongoing discussion about the possibility of time-reversal symmetry breaking (TRSB) states in the Fe-based materials. These can mix two degenerate representations like s and d at a degeneracy point, leading to a relative π/2 phase shift as in, e.g. s + id pairing 8, 9 , or occur in more complicated fashion with arbitrary phase shifts among bands in a system with at least 3 bands 10, 11 . Recently, it has been claimed that muSR experiments confirm a predicted TRSB state in highly hole-doped BaFe 2 As 2 12 . Time reversal symmetry can also be broken when spin-orbit coupling generates a pseudo-magnetic field differentiating between up and down spins 13 .
Since both spin-orbit effects and time reversal symmetry breaking can individually lead to deviations from the s ± paradigm, it is interesting to investigate their interplay, particularly in the context of unusual phenomena observed in the Fe chalcogenides. Recently, a rather unexpected and unusual form of the T, H-dependent specific heat was observed just after the nematic state disappeared with S doping in the Fe(Se,S) system 14 . The authors of this work were convinced primarily by the change in the magnetic field dependence that the gap structure was changing abruptly at the nematic transition; however, another unusual aspect of the data was the large (O(N state)) value of the apparent residual T → 0 Sommerfeld coefficient. In a clean superconductor, even with line nodes, γ s = C/T → 0 as T → 0, and while disorder can lead to a nonzero value, STM measurements on these samples suggest that they are very clean, inconsistent with γ s /γ N of O(1) 15 . Both specific heat and STM
15
analyses suggest that the form of the gap function-or at least the density of low-energy quasiparticle excitationsis varying rapidly near the nematic critical point. In this Article, we propose a novel explanation for the temperature dependence of the specific heat and the form of the STM conductance spectrum in FeSe 1−x S x , based upon a prescribed evolution of a superconducting order parameter in the presence of spin orbit coupling that leads to a state with "Bogoliubov Fermi surfaces", topologically protected patches of finite area where zeroenergy excitations exist in the superconducting state 13 . The only absolute restriction on the forms of pair wavefunction components arise from the Pauli principle. In a one band system, only even parity spin singlet pairing or odd parity spin triplet pairing are allowed. In a multiband system, on the other hand, the additional degrees of freedom allow for novel pairing structures, including odd parity-spin singlet and even parity-spin triplet (both band singlet) components. Note the pairing problem is often discussed in an orbital instead of band basis, which is more or less equivalent. In order to demonstrate the emergence of a Bogoliubov Fermi surface, we consider a three-pocket model appropriate for iron-based superconductors with a charge and parity (CP ) symmetric pairing structure. The latter contains interband, TRS and TRSB, spin-triplet-band singlet components. In addition, the pairing structure also contains an intra-band spin singlet-band triplet component with, generally, both isotropic and anisotropic momentum dependences. In the Supplemental Material, we show that such a pairing form is not unique. Indeed, there can exist a second inter-band, TRSB spin triplet-band singlet and TRS spin singlet-band triplet component, which yields physically equivalent low-energy spectrum, and can be obtained via a similarity transformation of the original Hamiltonian. As a function of the ratio of inter-and intra-orbital pairing, our model exhibits a topological phase transition from a fully gapped s-wave superconductor (Z 2 trivial) to a gapless system with extended Bogoliubov surfaces (Z 2 non-trivial). Such a transition is absent when time reversal symmetry is preserved; it is broken here because the inter-orbital pairing acts as a pseudo-magnetic field.
The topologically non-trivial phase discussed here retains characteristics of both the superconductor and the normal Fermi liquid, e.g., the ratio C V /T has the usual discontinuity at T c within mean field theory, but saturates to a non-zero constant as T → 0 due to the finite density of zero-energy excitations on the Bogoliubov Fermi surface 13 . We demonstrate this dichotomy for the specific case of FeSe 1−x S x by considering a minimal model for the gaps on the two hole and two electron pockets, qualitatively consistent with the gap structures proposed on the basis of thermodynamic, transport 14 and STM measurements 15 . Within this phenomenology, doping is assumed to tune the anisotropy of the electron pocket gap, driving the topological transition. This simple model can explain essentially all qualitative features observed in FeSe 1−x S x across the nematic transition.
Model: In the following, we discuss the role of chargeconjugation (C), parity (P ) and time reversal (T ) symmetries which can all be defined on the momentum space Hamiltonian as
While P is a unitary operator represented by a matrix U P , T is antiunitary and can be denoted as T = U T K where U T is a unitary matrix and K complex conjugation (similar notation for C with unitary matrix U C ). Before we narrow down our discussions to specific forms of the gap, we begin by highlighting our result for a generic Hamiltonian of the formĤ = k Ψ † kĤ (k)Ψ k , where the Nambu operator is defined in the basis Ψ † k = c † ki↑ , c † ki↓ , c −ki↑ , c −ki↓ and c † kiσ is the electron creation operator in pocket i with spin σ. In the basis chosen above where the orbitals/bands transform trivially under time reversal, the corresponding unitary matrices for CP T symmetries would take the form U P = π 0 ⊗τ 0 ⊗σ 0 , U T = π 0 ⊗τ 0 ⊗iσ y and U C = π x ⊗ τ 0 ⊗ σ 0 for a two-pocket model. (For simplicity, we introduce the two-pocket case explicitly here, and give the generalization to three and more bands in the Supplementary material.) Here π i , τ i , σ i are Pauli matrices in particle-hole, band (pocket) and spin space, respectively.
In momentum space, the total Hamiltonian has the generic form given byĤ(k) =Ĥ 0 (k) +Ĥ ∆ (k). We choose the normal state part of the Hamiltonian aŝ H 0 (k) = iσ i (k)c † kiσ c kiσ written in the band basis. In the Supplemental Material, we will also introduce offdiagonal terms to study their effect on the low-energy excitations near the critical point. For the superconducting part, we choose a gap Hamiltonian having both spin singlet and triplet along with TRS and TRSB components. In terms of Pauli matrices in band and spin space, these contributions are given by
where underlined quantities represent one block in particle-hole space. Here ∆ 0 and ∆ s are the TRS components of the pairing and δ is the degree of TRS breaking; ∆ s (∆ 0 ) appears as an intra-band (inter-band) spinsinglet (spin-triplet) term. ∆ s can generally be different for different pockets and is denoted as ∆ i (k) for pocket i. In terms of fermionic operators in the total pairing Hamiltonian, these terms are written as (i and j are band/pocket indices and i = j) It can be verified that the pairing Hamiltonian above, along with the band dispersionĤ 0 (k), is CP symmetric. Therefore, following the arguments of Agterberg et al. 13 , one can similarity transform the Hamiltonian to a basis where it is completely anti-symmetric; hence, the Pfaffian of such a system is well defined.
Substituting the pairing structureĤ ∆ (k) in the total HamiltonianĤ(k) and evaluating the determinant, one finds that the Pfaffian is given by (inter-band couplings are set to zero)
We next determine the condition for the existence of a Bogoliubov surface by checking for a change in sign of Pfaffian turns negative, we minimize Pf
. For a non-zero δ and ∆ 0 , the minimum value depends on the relative sign of ∆ 1 (k) and ∆ 2 (k) and is given
Given that the Pfaffian is large and positive for momenta k corresponding to energies far from the Fermi level, it changes sign only if the minimum is negative. Looking at Eq. (2) for the case when the order parameters on both the bands have the same sign (∆ 1 (k)∆ 2 (k) > 0), this can be achieved if the following two conditions are fulfilled. First, there must be a nonzero time-reversal symmetry breaking component, |δ| > 0. Second, the term in parentheses has to become negative, leading to the condition
e. the magnitude square of the inter-band pairing exceeds that of the product of the intra-band pairings on the two pockets. On the other hand, when the order parameters on the two bands have opposite signs, the roles of δ and ∆ 0 are switched, as can be deduced from Eq. (1) for the Pfaffian. In the numerical calculations to follow, we have set δ = ∆ 0 so that the results are independent of the relative sign of the two gaps. With the above conditions satisfied, a Bogoliubov surface emerges from a fully gapped superconducting phase giving rise to a topological phase transition at a critical combination of the order parameters. At low temperatures far away from T c , the low energy excitations close to the Bogoliubov surface resemble that of a normal metal yielding a finite residual specific heat. Hence, the system represents a unique example where one can have non-zero superconducting order parameter coexisting with a fully gapless Fermi surface. In contrast to the example of gapless superconductivity in disordered superconductors 17 , this phase can occur in a completely clean system, and the Bogoliubov surface does not coincide in momentum space with the normal metal Fermi surface. Such a state is characterized by a specific heat jump at the superconducting critical temperature, but a non-zero Fermi level density of states and Sommerfeld coefficient C V /T as T → 0. We therefore adopt the name "ultranodal" superconducting state to indicate that the phase space for Bogoliubov quasiparticle excitations is larger than in either the point or line nodal case familiar from studies of unconventional superconductivity.
As a concrete example to highlight the physics discussed above, we consider a simplified three-pocket model (i = X, Y, Γ) in two dimensions to capture the essential electronic structure of iron-based superconductors, and in particular the FeSe 1−x S x system that has been noted to display anomalous thermodynamics for doping beyond the nematic transition 14 . We set the band dispersions to be quadratic, centered around Γ and X/Y points and neglect inter-band hoppings; thus the only quantities that influence the existence and location of the Bogoliubov Fermi surfaces are the gap functions themselves. 18 Choosing an intra-pocket pairing ansatz of
is the anisotropic (isotropic) component on pocket j = X, Y, Γ, we decrease with doping the isotropic components on each pocket for a fixed inter-pocket pairing ∆ 0 and anisotropic intra-band component ∆ ja , as sketched roughly in Fig. 1 . This is in accordance with the data and conclusions in Ref.
14 for FeSe 1−x S x where, as a function of sulfur doping, all the pockets were posited to become nodal or close to nodal across the nematic quantum critical point. The anisotropic component on each pocket, ∆ ja (k) = ∆ ja (k 2 x − k 2 y ), with k measured from the center of the pocket, is chosen to yield C 2 -symmetric gap structures in the nematic superconducting phase consistent with both ARPES 19 and STM 20 . Note the gap structures discussed here are simply plausible guesses respecting the symmetry of the various phases and agreeing qualitatively with the evolution suggested by experiment; as yet, there is no microscopic theory of the ultranodal state.
As argued above, when the isotropic intraband component becomes sufficiently small in the presence of interband pairing and spin orbit coupling, the Pfaffian changes sign, and the spectrum of low-energy excitations is altered dramatically. As shown in Fig. 2 , as the ratio of intraband isotropic to anisotropic components decreases with doping, the system develops a Bogoliubov Fermi surface, which grows and becomes more C 4 symmetric as nematic order disappears. We emphasize that it is impossible within the present model framework to associate a unique set of gaps with a particular doping. However, one can plot the specific heat, which allows a rough comparison with experiment. Fig. 3 shows a plot of C V = T dS/dT (left panel) and C V /T (right panel) as a function of temperature for the same sets of isotropic gap components on the individual pockets. All C V curves show a superconducting jump at T c and go to zero at zero temperature. However, the form of the temperature dependence varies significantly for different ∆ j . This is shown in Fig. 3 (b) where C V /T goes to zero as T → 0 for larger isotropic components, but saturates at a nonzero value for smaller values at zero temperature, reflecting the existence of the Bogoliubov Fermi surfaces shown in Fig. 2 in the ultranodal state. These "surfaces" increase in area for smaller values of the isotropic gap component, leading to a larger residual Sommerfeld coefficient. Close to critical values of the isotropic gap (see Fig. 2 (B)), the Bogoliubov surface shrinks continuously to a point. These low-energy Bogoliubov excitations carry the residual specific heat at low temperatures, and the thermodynamic properties of the system resemble that of a normal metal. Hence a system such as FeSe 1−x S x   FIG. 3 . Temperature dependence of the specific heat CV (left) and CV /T (right) for sets of gap components on each pocket correspondng to parameters given in Fig. 2. can exhibit properties of both a superconductor and a normal Fermi liquid.
This behavior is reminiscent of experiments on FeSe 1−x S x 14 : as one dopes through the nematic transition, the specific heat ratio ∆C V /C N at the transition is observed to fall, while at the same time the residual Sommerfeld coefficient in the superconducting state increases. Thermal conductivity 14 exhibits a similar low temperature evolution. The abruptness of the transition is not entirely clear from the thermodynamic data, since the samples are spaced relatively far apart in doping. A recent STM experiment 15 employed a more closely spaced sequence of S-dopings, and was able to establish that a transition took place between x = 0.13 and x = 0.17, corresponding roughly to the nematic transition. At this transition, the coherence peak position in the conductance spectrum red-shifted weakly, while the zero bias conductance became nonzero, growing with increased Sdoping.
Precisely this behavior is seen in the superconducting density of states across the topological transition into the ultranodal state, as shown in Fig. 4 . As expected, with the development of the ultranodal state, the zeroenergy value of the DOS increases due to the presence of Bogoliubov Fermi surfaces of increasing size. In addition, the weight in the coherence peaks is suppressed and their position weakly red shifted in the ultranodal phase, resulting in a gap-filling rather than a gap-closing phenonmenon very similar to experiment.
Discussion: Although Bogoliubov surfaces in this work are two dimensional contours, they do not exhibit the same physics as line-nodes in a three dimensional superconductor despite sharing their dimensionality. For instance, unlike the case of Bogoliubov surfaces, the ratio C V /T ∼ T tends to zero as T → 0 for a system with line nodes (in the absence of any impurity scattering). Hence the relevant quantity that must be considered to distinguish the two cases is the co-dimensionality (d c ) between the zero-energy iso-surfaces and the normal state Fermi surface. For the existence of a non-zero Sommerfeld ratio C V /T as T → 0, we require d c = 0. While this requirement is satisfied for a Bogoliubov surface, d c = 1 for line-nodes in a three dimensional superconductor. Hence, low-energy properties of the two systems are expected to be distinct from one another. Moreover, the discussions and conclusions in our paper can be readily generalized to higher dimensions and was first discussed by Agterberg and coworkers 13 for the case of three dimensions and j = 3/2 fermions.
It is important to reemphasize the distinction between the two ways in which pairing terms can break TRS -the time reversal operator T = U T K; hence, TRSB can occur either because the order parameter acquires an imaginary component (type 1) or/and because the spin sector in the pairing term does not transform properly under the unitary part of the time reversal operator (type 2). From our analysis it is clear that a pure intra-pocket type 1 TRSB cannot yield a Bogoliubov surface since the Pfaffian preserves sign (irrespective of the number of input bands). Therefore, one necessarily requires a non-zero (even infinitesimally small, as is evident from Eq. (2)) type 2 TRSB, δ 2 > 0, to achieve a non-trivial phase when the sign of the order parameter is the same on the two pockets.
Finally, we note that combined thermodynamic and ARPES data, together with our analysis, point to deep minima on at least one of the Γ hole pockets coinciding with those on the electron pockets at the same momentum direction near the nematic quantum critical point. The general condition for the Pfaffian to change sign requires that the product of two intraband gaps be smaller than the TRS interband gap (TRSB component δ) when two pockets have the same (opposite) sign of the order parameter. Since interband gaps and TRSB breaking components are generically small, this requires that nodal or deep minima align such that the product of intraband hole and electron gaps ∆ e (k)∆ h (k) is also small. Fig. 1 shows how such a coincidence of nodal structures along X and Y might occur in the tetragonal phase.
Conclusions.
We explored the possible existence of an ultranodal superconductor -a state of matter uniquely characterized by topologically protected extended zeroenergy surfaces (Bogoliubov surfaces) -in multi-band superconductors with spin-1/2 pairs such as iron-based systems. This phenomenon occurs in the presence of a spinorbit coupling-induced triplet pairing component, interband pairing, and "type-2" broken time reversal symmetry. We derived conditions for the existence of such surfaces and studied the behavior of the specific heat, the Sommerfeld ratio C V /T , and the density of states close to and away from the transition. We argued that the topologically non-trivial phase retains thermodynamic and electronic properties of both the superconducting state and the normal Fermi liquid. Finally, we argued that our results have direct, immediate experimental relevance by examining recent evidence for an excess of low energy quasiparticle states in the clean iron-based superconductor FeSe 1−x S x near its nematic transition. We showed that theoretical specific heat and conductance spectra agreed remarkably well with experiment across the transition, and concluded that an ultranodal state can exist in this system.
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Methods:
The calculations were performed by taking simple parabolic dispersion for the electronic structure in continuum space. Each of the pockets were chosen to have a quadratic dispersion, specifically
with the parameters α = 2 and E + = 0.6 , E − = −0.6 ε = 0.2 and additonally inserting symmetry related electron bands having band minima at (0, −π) and (−π, 0). In the numerical implementation, arbitrary energy units are chosen which then are assigned to the real units by fixing the position of the coherence peaks ∆ ΓA and the critical temperature T c , see Figs. 2 and 4. The order parameters are explicitly given by
and the corresponding order parameters on the symmetry related electron bands. A momentum grid of size 100 × 100 was used for the calculation of specific heat. Integrations were performed from −2π ≤ k x,y ≤ 2π. All the required gap components have been mentioned in the main text under Fig.2 . The calculation of LDOS was carried out on a momentum grid of size 800×800 points and on a frequency grid of 300 points. Artificial broadening was set to 0.004.
To obtain specific heat, one can start from calculating the entropy S of the free Fermi gas of Bogoliubov quasiparticles, in terms of the spectrum E k of the Hamiltonian H(k) and use C V = 1/T dS/dT to obtain
where n(x) = 1/(exp(x) + 1) is the Fermi function and the temperature dependence of the order parameter was assumed to follow a mean field behavior.
In this Supplemental Material, we provide numerical results for the two hole-pocket model (with and without inter-pocket hopping) and other additional details to support the main claims in our paper. We begin by discussing results for the two hole-pocket model (centered around Γ) with a pairing ansatz of the form ∆ s = ∆ j (k) = ∆ ja (k) + ∆ j , where ∆ ja (k) (∆ j ) is the anisotropic (isotropic) component on hole pocket j = 1, 2. We vary the isotropic components on the second hole pocket for a fixed inter-pocket pairing ∆ 0 . Fig. S1 shows a plot of C V (left panel) and C V /T (right panel) as a function of temperature for different values of the singlet isotropic component of the gap on the second band ∆ 2 . We have chosen the TRSB component (δ) for each curve to be non-zero and equal to the inter-band pairing order parameter which is set to ∆ 0 = 0.3. The anisotropic, singlet pairing component on both the bands (∆ 1a , ∆ 2a ) is chosen to be 0.1 and 0.3 respectively. All the C V curves show a superconducting jump at T c and go to zero at zero temperature. However, the exponent of the temperature dependence varies drastically with ∆ 2 . This is shown in Fig. S1 (right) where C V /T saturates at zero temperatures for ∆ 2 ≤ 0.4 ≡ ∆ 2c and goes to zero above ∆ 2c . This low temperature behavior can be understood from the corresponding zero energy contours shown in Fig. S2 for T close to zero and different ∆ 2 . Above the critical value of the isotropic gap ∆ 2c , the FS is fully gapped, while a Bogoliubov surface exists in two dimensions for ∆ 2 equal to or below ∆ 2c . Close to ∆ 2c , the Bogoliubov surface shrinks continuously to a point. The low-energy Bogoliubov excitations for ∆ 2 ≤ ∆ 2c give rise to the residual specific heat at low temperatures, and the thermodynamic properties of the system resemble that of a normal metal.
We now examine the effect of a non-zero, momentum dependent inter-pocket coupling by turning on off- diagonal elements in the hopping HamiltonianĤ 0 (k). For simplicity, we choose these couplings to have a B 2g symmetry (i.e., ∝ k x k y ). In order to highlight the effects of this momentum dependence in the hopping Hamiltonian, we set both ∆ s and ∆ 0 appearing inĤ ∆ to be isotropic, momentum independent constants. To mimic the intra-pocket pairings proposed in FeSe, we select an s + is singlet pair for ∆ s ; however, we note that an explicit, intra-pocket TRSB (via a complex component in the order parameter) is not necessary for the arguments that follow. Fig. S3 shows a plot of C V and C V /T as a function of temperature and several values of the TRS inter-band pairing, ∆ 0 . The intra-pocket singlet gap has been fixed throughout the calculation to 0.3 for both the s-wave components. In analogy to the case discussed in Fig. S1 , the slope of the C V curve close to zero temperature varies continuously from an exponential dependence to a power-low in T . Subsequently, the Sommerfeld ratio C V /T goes to zero for small ∆ 0 , but saturates to a constant above a critical ∆ 0 ∼ 0.48≡ ∆ 0c . Fig. S4 shows a zero energy contour plot of the resulting Bogoliubov surfaces above ∆ 0c . Far above ∆ 0c (∆ 0 ≥ 0.6), the Bogoliubov surfaces are fully gapless and the contours resemble those in the normal state. However, there is narrow intermediate range of ∆ 0 , slightly above ∆ 0c , where the Bogoliubov surfaces are only partially extended and acquire the symmetry of the off-diagonal hopping terms. As ∆ 0 is increased, the partially gapped surfaces coalesce to form a continuous gapless surface. Below ∆ 0c , on the other hand, the Fermi surfaces are fully gapped. We note that there would be no such intermediate phase if the inter-band couplings were isotropic or absent; indeed, it can be verified that when we set the off-diagonal terms in the hopping to zero and maintain isotropic pairing terms, a completely gapless Bogoliubov surface appears discontinously at ∆ 0c .
It is easy to check that the above pairing Hamiltonian, along with the kinetic partĤ 0 (k), has the same Pfaffian presented in the main text for the two-pocket model. 
C. Conventional d-wave order parameter
The real system FeSe 1−x S x discussed in the main text exhibits quite small Fermi surfaces at the Γ point as expected from its smooth connection to the nematic FeSe material. Given that the s and d wave instabilities are found to be competing in Fe-based systems in general when calculated using a spin-fluctuation driven mechanism, it is possible that the systems undergoes a transition towards a d wave state as a function of sulfur doping. There are several reasons to believe that this could happen in principle. First, upon lowering of the nematic order, the coupling between the s-wave instability and the d-wave instability decreases until it eventually vanishes at the nematic phase transition at x ∼ 0.23. In consequence, the relative competition of the leading and subleading superconducting instability increases. Additionally, the FeSe 1−x S x system tends to be less correlated. Considering that the d xy orbital as the orbital with the strongest correlations should achieve significant coherence upon reducing correlations, it is expected that (π, π) fluctuations are getting relatively enhanced and the corresponding d-wave channel can become the leading superconducting instability. In fact, it is possible to achieve such a situation from a microscopic calculation using a spin-fluctuation pairing calculation with reasonable choices of the quasiparticle weights according the trends just outlined. For this, we have adopted a two dimensional version of electronic structure for FeSe from Ref. 20 by ignoring the hoppings in z direction and removing the orbital order term as expected beyond the nematic transition in the FeSe 1−x S x system. Following the trends imposed by reduced correlations 16 , we choose as quasiparticle weights Indeed, the Γ centered Fermi surfaces exhibit a small k F and thus the d-wave order parameter with a nodal point at k = 0 is small in magnitude on these Fermi surface parts, providing a significant density of low energy excitations in the superconducting state. This situation is very similar to the one discussed in the main text (parameter set A), and yields a V-shaped density of states at low energies, see Fig. S6 . A corresponding calculation of the entropy as a function of temperature by imposing a superconducting order parameter ∆(k, T ) =∆(T )g(k), where g(k) is the gap symmetry function as shown in Fig. S5 and∆(T ) simply follows the temperature dependence of a mean field superconducting order parameter, yields significant contributions to the specific heat at low temperatures, see Fig. S7 . However, the quasiparticle dispersion has only nodal points (in two dimensions) and therefore yields a linear behavior of C V /T vs. T , and can never achieve a finite value for T → 0 in the clean case, unlike the situation of a Bogoliubov Fermi surface as discussed in the main text. In summary, such a proposed d-wave state with small Fermi surface pockets in a realistic model for the band structure cannot account for the experimental observations of a finite C V /T .
D. Symmetry operators for n bands
For an n−band model, with respect to the basis chosen in the main text where the orbitals/bands transform trivially under time reversal, the corresponding unitary matrices for CP T symmetries take the form U P = π 0 ⊗ I n ⊗ σ 0 , U T = π 0 ⊗ I n ⊗ iσ y and U C = π x ⊗ I n ⊗ σ 0 . Here I n is an n × n unit matrix. We now provide explicit forms of the matrix operators appearing in the main text for the two pocket case in the absence of interpocket hoppings.0 n means a n × n matrix of zeroes. Finally the parity operator is simply an identity matrix P = I 8 .
